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We search for mirror and cavity-like features of a linear chain of atoms in which one of the atoms is specially
chosen as a probe atom that is initially prepared in its excited state or is continuously driven by a laser field.
Short chains are considered, composed of only three and five atoms. The analysis demonstrate the importance
of the inter atomic dipole-dipole interaction which may lead to a collective ordering of the emission along some
specific directions. We examine the conditions under which the radiative modes available for the emission are
only those contained inside a cone centered about the inter atomic axis. Particular interest is in achieving the
one-way emission along the inter atomic axis, either into left (backward) or right (forward) direction, which is
referred to as a mirror-like behavior of the atomic chain. A direction dependent quantity called the directivity
function, which determines how effective the system is in concentrating the radiation into a given direction,
is introduced. We show that the function depends crucially on the distance between the atoms and find that
there is a threshold for the inter atomic distances above which a strongly directional emission can be achieved.
The one-sided emission as a manifestation of the mirror-like behavior and a highly focused emission along the
inter atomic axis as a characteristic of a single-mode cavity are demonstrated to occur in the stationary field.
Below the threshold the directivity function is spherically symmetric. However, we find that the population can
be trapped in one of the atoms, and sometimes in all atoms indicating that at these small distances the system
decays to a state for which there are no radiative modes available for emission.
PACS numbers: 37.10.Jk, 42.25.Fx, 42.25.Hz, 42.50.Gy
I. INTRODUCTION
Advancement in the current technology of trapping and
controlling single atoms cooled down to ultra low tempera-
tures has opened new research directions in quantum optics
and quantum communication. Spatial configurations of linear
atomic chains or two-dimensional atomic lattices have been
engineered and have been widely applied in various experi-
mental setups [1–3]. Recently, the subject of utilizing super-
cold atoms as highly reflecting mirrors has gained much atten-
tion. In particular, it has been demonstrated that a collection
of cold atoms trapped near the surface of a one-dimensional
waveguide can form a nearly perfect mirror for the radia-
tion incident on the atoms [4–6]. The waveguide represents
a photonic channel which enhances the electromagnetic field
to which the atoms are coupled thereby leading to a strong
collective behavior of the atoms. As a consequence, a large
part of the incident light is directed, reflected back, to the
medium from which it originated. This striking mirror prop-
erty of atoms is in contrary to the usual observation where
atoms absorb/scatter all or most of the incident energy.
Another kind of systems that can exhibit mirror proper-
ties or equivalently a highly directive radiative properties are
atoms chirally coupled to a waveguide [7, 8]. Chirality in
atom-waveguide coupling is an effect associated with a bro-
ken symmetry of emission of photons from the atoms into the
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right and left propagating modes of the waveguide. As a re-
sult, the emitted photons are channeled into one of the two
directions of the waveguide. It has been shown that the chiral
property of the emission can enhance entanglement between
two distant atoms [9]. Directive radiative properties have also
been demonstrated for a single atom trapped at front of a dis-
tant dielectric mirror [10]. It has been demonstrated both the-
oretically and experimentally that the atom can behave as an
optical mirror effectively forming, together with the dielectric
mirror, a Fabry-Pe´rot cavity. Related studies have shown that
An atom mirror cannot only serve as a single mirror for a one-
dimensional cavity, but also could be arranged to behave like
a high-finesse cavity [11].
In the course of previous work on directional emission the
underlying atoms independently couple to a one-dimensional
field of a waveguide, or nano-cavity or a nano-fibre. Although
systems involving independent atoms exhibit interesting di-
rectional properties, there can be similar features created by
an open system of atoms in which the atoms are coupled to
a common three-dimensional field. It was Dicke [12] who
pointed out that a collection of a large number of atoms cou-
pled to a common EM field can radiate collectively such that
the spontaneous radiation can be enhanced in certain direc-
tions. Since then there have been many studies of the col-
lective radiative properties of multi-atom system demonstrat-
ing the dependence of the emitted radiation on the number of
atoms and the geometry of the emitting system [13–25].
In this paper, we investigate radiative properties of an open
system of a line of few atoms and demonstrate that the dipole-
dipole interaction between atoms may lead to a collective or-
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2dering of the emission along some specific directions. To de-
termine directions of the emission, we introduce the directiv-
ity function of the emitted radiation field and study the depen-
dence of the function on the distance between the atoms. We
analyze the directional properties of the radiation field for two
different configurations of the atomic chains, one mimicking
an atom in front of a mirror and the other an atom inside a cav-
ity. In the first, we choose the left-hand-side atom of the chain
as a probe atom and examine conditions under which the sys-
tem may radiate only to those modes whose propagation vec-
tors lie within a small solid angle about the inter atomic axis
and oriented in one of the two directions of the inter atomic
axis, either right (forward) or left (backward) direction. Such
a system can be regarded as an atom in front of perfectly re-
flecting or perfectly transmitting atomic mirror. In the second
arrangement, we choose the middle atom of the chain as a
probe atom and examine conditions under which the system
may radiate only to those modes whose propagation vectors
lie within a small solid angle about the inter atomic axis. Such
a scheme can be regarded as an atom inside a single-mode
cavity.
We find that there is a threshold for the inter atomic dis-
tances above which a highly directional emission could be
achieved. Below the threshold the emission is spherically
symmetric. However, we find a population trapping in one
of the mirror atoms. For the cavity-like arrangement, the di-
rectivity function depends strongly on the number of atoms
contained in the chain and the distance between them. For a
3-atom chain and atomic distances above the threshold, two
radiative modes of different spatial directions are available for
the emission, one in the direction parallel and the other in the
direction normal to the inter-atomic axis. Below the thresh-
old, the system can radiate only to the mode normal to the
inter atomic axis. For a 5-atom chain and distances above the
threshold, only one mode is available for emission, either nor-
mal or parallel to the atomic line. Thus, there exist ranges of
the inter atomic distances under which the atomic chain ex-
hibits features characteristic of a single-mode cavity.
The paper is organized as follows. In Sec. II, we describe
the master equation of the density operator of the system and
the mathematical approach used in the evaluation of the den-
sity matrix elements. We introduce the definitions of the di-
rectivity function, reflection and transmission coefficients of
the radiation field emitted by a chain of atoms. In Sec. III, we
examine the conditions for the mirror-type behavior of short
chains composed of 3 and 5 atoms. We observe the transient
transfer of the population between the atoms and the transient
directivity function for an initial condition in which the probe
atom is prepared in its excited state. Then, we examine the di-
rectivity function of the stationary field when the probe atom
is driven by a continuous wave (cw) laser field. Section IV
is devoted to the problem of a cavity formation with atomic
mirrors. We are particularly interested in the possibility of the
system to concentrate the radiation along the inter atomic axis
and thus to behave as a single-mode cavity. Polar diagrams are
given to illustrate the mirror and cavity-like features of atomic
chains and to show how the features are sensitive to distances
between the atoms. The results are summarized in Sec. V. The
paper concludes with an Appendix6A in which we give details
of the derivation of the atomic correlation functions in terms
of the populations of the collective states of a three-atom sys-
tem and the coherences between them and Appendix6B where
the calculation of equations of motion has been presented.
II. RADIATIVE PROPERTIES OF A CHAIN OF ATOMS
We consider a system composed of N identical two-level
atoms located at fixed positions ~ri and coupled to the three-
dimensional electromagnetic field whose modes are initially
in a vacuum state |{0}〉. Each atom has an excited state |ei〉
and a ground state |gi〉 separated by energy ~ω0 and connected
by a transition dipole moment ~µ. The atoms are arranged in a
line, and we consider two cases shown in Fig. 1. In the first
case, illustrated in Fig. 1(a), we assume that the left-side atom,
chosen as a “probe” atom is separated from its next-neighbor
by a distance r0 which is larger than the separation rm be-
tween the remaining N − 1 atoms, r0 > rm. If the probe
atom is excited into its upper level, it will spontaneously de-
cay into the ground state emitting the radiation field that can
be absorbed by the chain of closely located atoms and then re-
emitted by the atoms towards the probe atom. Thus, the chain
of closely located atoms could act as a mirror, directing the
emitted radiation into a cone about the interatomic axis and
turned towards the probe atom. In the second case, illustrated
in Fig. 1(b), we assume that the middle atom of the chain is
separated from its adjacent neighbors by a distance r0, which
is much larger that the separation rm between the remaining
atoms. This arrangement may model a situation of an atom lo-
cated inside a cavity whose mirrors are formed by two chains
of equally distant atoms.
In practice this scheme could be realized by extending the
recently demonstrated scheme involving two superconducting
qubits coupled to a 1D field [26–28] to the case of three or five
qubits coupled to a 2D field. In the experiment of Ref. [28],
effective separations of λ and 3λ/4 were achieved between
the fixed qubits by changing the qubit transition frequencies.
A. Master equation
When the system is coupled to a reservoir the state of the
total system, the chain of atoms plus the reservoir field, is
described by the density operator ρT . The reduced density
operator describing the properties of only the chain of atoms
is obtained by tracing the total density operator ρT over the
states of the reservoir, ρ = TrRρT . The master equation de-
scribing the time evolution of the reduced density operator has
3FIG. 1. (Color online) Two different arrangements of atoms in a line
to demonstrate that a chain of closely located and interacting atoms
can act as an atomic mirror or cavity. (a) The left-side atom of the
chain, specially chosen as a ”probe” atom, is located at distance r0
from its nearest neighbor with the remaining atoms equally separated
from each other by a distance rm < r0. (b) The middle atom of the
chain, chosen as a probe atom, is separated from its next-neighbors
by r0, while the remaining atoms are equally separated by a dis-
tance rm < r0.
the form [29–31]
∂ρ
∂t
= − i
~
[H0 +HL +Hdd, ρ]
− 1
2
N∑
i=1
γ
([
S+i , S
−
i ρ
]
+ H.c.
)
− 1
2
N∑
i6=j=1
γij
([
S+i , S
−
j ρ
]
+ H.c.
)
, (1)
where γ is the spontaneous emission damping rate of the in-
dividual atoms, equal to the Einstein A coefficient, S+i =
|ei〉 〈gi| and S−i = |gi〉 〈ei| are the dipole raising and low-
ering operators of atom i, and γij is the collective damping
rate
γij =
3
2
γ
{[
1− (µˆ · rˆij)2
] sin ηij
ηij
+
[
1− 3 (µˆ · rˆij)2
](cos ηij
η2ij
− sin ηij
η3ij
)}
, (2)
with
ηij = k rij = 2pirij/λ, ~rij = rij rˆij = ~rj − ~ri, (3)
in which rij is the distance between atoms i and j, rˆij is the
unit vector in the direction ~rij , and λ is the resonant wave-
length.
The master equation (1) describes the atomic dynamics un-
der the Born-Markov and rotating-wave approximations [32],
H0 is the Hamiltonian describing the free energy of the atoms
H0 = ~
N∑
i=1
ω0S
+
i S
−
i , (4)
HL is the Hamiltonian describing the interaction of the probe
atom with an external driving field of frequency ωL:
HL =
1
2
~Ω0
(
S+1 e
−iωLt + S−1 e
iωLt
)
, (5)
where Ω0 is the Rabi frequency of the driving field, and Hdd
is the Hamiltonian describing the dipole-dipole interaction be-
tween the atoms
Hdd = ~
N∑
i 6=j=1
Ωij
(
S+i S
−
j + S
+
j S
−
i
)
, (6)
where Ωij is the dipole-dipole interaction strength between
atoms i and j, defined by
Ωij =
3
4
γ
{[
1− 3 (µˆ · rˆij)2
]( sin ηij
η2ij
+
cos ηij
η3ij
)
−
[
1− (µˆ · rˆij)2
] cos ηij
ηij
}
. (7)
The parameters γij and Ωij depend on the separation be-
tween the atoms. For large separations, ηij  1, and then
both coupling parameters approach zero. For ηij  1 the pa-
rameter γij reduces to γ while Ωij becomes large and strongly
dependent on rij . It is well known that Ωij plays the impor-
tant role in the collective behavior of multi-atom systems and
we shall see that it has important effect on the distribution of
the radiation field emitted by a chain of atoms. The calcula-
tion of the equations of motion for atomic populations and co-
herences for a time-dependent state vector has been outlined
briefly in Appendix6B.
B. Directivity function, reflection and transmission coefficients
The intensity of the radiation field emitted at time t in the
direction specified by the polar angle θ between the direc-
tion of observation ~R and the direction of the atomic axis ~rij
can be expressed in terms of the correlation functions of the
atomic dipole operators as
I(θ, t) = u(φ)
N∑
i,j=1
γ〈S+i (t)S−j (t)〉eikrij cos θ, (8)
where u(φ) = (3/8pi) sin2 φ is the radiation pattern of a sin-
gle atomic dipole, with φ the angle between the observation
direction ~R and the direction of the atomic transition dipole
moment ~µi. Since the radiation intensity I(θ, t) is symmetric
about the interatomic axis, it defines a two-dimensional sur-
face called the polar radiation pattern of the emitting system.
We may introduce the directivity function determining of
how effective the atoms are in converging the emitted radia-
tion into a small solid angle centered about the direction θ.
The directivity function D(θ, t) in the direction θ at time t is
defined as the ratio of the radiation intensity I(θ, t) emitted in
the direction θ divided by the total radiation intensity I(t):
D(θ, t) =
u(φ)
I(t)
N∑
i,j=1
γ〈S+i (t)S−j (t)〉eikrij cos θ, (9)
4where the total radiation intensity I(t) at time t is obtained by
integrating I(θ, t) over θ:
I(t) =
∫
I(θ, t)dθ =
N∑
i,j=1
γij〈S+i (t)S−j (t)〉, (10)
in which γii = γjj = γ and γij (i 6= j) is given in Eq. (2).
The directivity function is a measure of how effective the sys-
tem is in concentrating the radiation in a given direction. It
is equivalent to the probability density of detecting a fluores-
cence photon traveling in the direction θ.
Since our interest is in situations where a chain of atoms
works as an atomic mirror, an important factor is the ability of
producing highly directional patterns of the radiation concen-
trated in one of the two directions along the interatomic axis,
either θ = 0 or θ = pi. Following the arrangement illustrated
in Fig. 1(a), D(θ = pi, t) describes the radiation field emit-
ted along the atomic axis in the direction towards the probe
atom, the ”backward” direction. Thus, it would correspond
to the reflection coefficient. On the other hand, the directiv-
ity D(θ = 0, t) describes the radiation field emitted along the
atomic axis in the direction away from the probe atom, the
“forward” direction. Therefore, it would correspond to the
transmission coefficient of the atomic mirror.
Thus, we may define the reflection coefficient of the chain
of atoms as the ratio of the radiation intensity emitted in the
direction θ = pi to the total radiation intensity
R(t) ≡ D(θ=pi, t) = u(φ)
I(t)
N∑
i,j=1
γ〈S+i (t)S−j (t)〉eikrij .
(11)
The reflection coefficient is a measure of how effective the
atoms are in concentrating the radiation about one side of the
interatomic axis, i.e. about the direction θ = pi. The coeffi-
cient R(t) is equivalent to the probability density of detecting
a fluorescence photon traveling in the direction θ = pi.
Similarly, we can define the transmission coefficient of the
chain as the ratio of the radiation intensity emitted in the di-
rection θ = 0 to the total intensity of the field emitted
T (t) ≡ D(θ=0, t) = u(φ)
I(t)
N∑
i,j=1
γ〈S+i (t)S−j (t)〉e−ikrij .
(12)
Obviously, T (t) = 1 would correspond to complete transmis-
sion whereas R(t) = 1 would correspond to complete reflec-
tion of the radiation field emitted along the atomic axis.
C. Directional properties of the radiation field
The quantity of central interest is the directivity function
which can be determined from analyzing the polar radiation
pattern of a chain of atoms. We may determine general condi-
tions under which the radiation pattern of N atoms would be
highly non spherical and its maximum is concentrated along
the inter atomic axis. The conclusions will serve as reference
for choosing distances between the atoms and for calculations
of the atomic populations and correlations.
The expression (8) can be written as a sum of N terms
I(θ, t) =
N∑
i<j=1
Iij(θ, t), (13)
where
Iij(θ, t) = u(φ)γ
{
1
N−1
(〈S+i (t)S−i (t)〉+〈S+j (t)S−j (t)〉)
+ 2Re{〈S+i (t)S−j (t)〉} cos (krij cos θ)
− 2Im{〈S+i (t)S−j (t)〉} sin (krij cos θ)
}
. (14)
We see that the contribution of the atoms to the intensity oc-
curs in pairs of different combinations of the atoms. There-
fore, the system of radiating atoms can be considered as made
up of a number of short two-atom elements and the total in-
tensity is obtained by summing up the intensities of the fields
produced by all the elements.
If we wish a short chain of atoms to work like a mirror with
a large convergence and reflectivity of the radiation emitted
by a probe atom located at either end of the chain, we should
arrange the atoms such that the total field emitted (scattered)
could be highly focused along the interatomic axis with a pro-
nounced maximum in the backward direction θ = pi and a
minimum, preferably zero emission in the forward direction
θ = 0 with respect to the line center. In order to find the con-
ditions for concentrating the radiation in the direction θ = pi,
let us examine the intensity (14) in more details.
From Eq. (14) it is seen that there are three terms determin-
ing the radiation pattern. The first term in Eq. (14) is just
the sum of the populations of the two atoms involved, the
probabilities that the atoms are in their excited states. This
term is independent of θ and therefore contributes uniformly
in all directions. The second term depends on θ and varies
as cos (krij cos θ) with an amplitude equal to the real part
of atomic correlations. Consequently, this term could con-
tribute to the radiation pattern only if the correlations between
the atoms would have nonzero real part, Re{〈S+i S−j 〉} 6= 0.
However, the cosine term, although dependent on θ, would
produce intensity maxima in the θ = 0, pi/2, 3pi/2 and pi di-
rections. As such this term is not effective in concentrating
the radiation along the interatomic axis. This simple argu-
ment suggests that the atoms should be arranged such that the
cosine term vanishes. This could be achieved when the corre-
lations between the atoms have zero real part.
The third term contributing to the radiation intensity (14)
varies as sin (krij cos θ) and hence can affect the radiation
intensity in a decidedly different way than the cosine term.
An important difference is that sin (krij cos θ) vanishes for
θ = pi/2 and 3pi/2. This means that the sine term does
not contribute to the radiation emitted in the direction per-
pendicular to the interatomic axis. Consequently, an appre-
ciable concentration of the radiation could be achieved along
the interatomic axis by choosing proper distances rij between
the atoms at which sin (krij) = ±1. Furthermore, since the
5sine is an odd function, it follows that sin (krij cos 0◦) =
− sin (krij cos 180◦), which means that independent of the
separation between the atoms a maximum in the backward di-
rection is always accompanied by a minimum in the forward
direction.
Obviously, the sine term could influence the angular distri-
bution of the radiation intensity only if the atomic correlations
would have nonzero imaginary parts, Im{〈S+i S−j 〉} 6= 0. In
addition, the sign of the imaginary part of the atomic corre-
lations dictates the choice of distances between the atoms, at
which the emission would be enhanced in the backward di-
rection (high reflection) and reduced in the forward direction
(low transmission). Thus, if Im{〈S+i S−j 〉} > 0, the sine term
will display a maximum in the backward direction for atomic
distances at which sin(krij) = 1. This condition is satisfied
when the atomic separations are
rij =
1
4
(2n+ 1)λ, n ∈ {0, 2, 4, . . .} (15)
However, if the coefficient of the sine term is negative,
Im{〈S+i S−j 〉} < 0, a different choice of the distances is re-
quired at which sin(krij) = −1. This condition is satisfied
when
rij =
3
4
(2n+ 1)λ, n ∈ {0, 2, 4, . . .} (16)
We see that there is a lower bound imposed on the distances
between the atoms, either rij = λ/4 or rij = 3λ/4, above
which a one-sided emission along the interatomic axis can be
achieved, i.e., a maximum of radiation in the direction θ =
0. For distances smaller that the lower bound, the one-sided
emission is expected to be significantly reduced.
In the following, we limit ourselves to short chains contain-
ing only N = 3 and N = 5 atoms. Also in the absence of
the driving field, Ω0 = 0, the N = 3 case can be solved in
closed form yielding simple expressions. In the Appendix6A,
we outline the calculation of atomic correlation functions in
the collective state basis.
D. Mathematical approach
To study the radiative behavior of a chain of interacting
atoms, we require the time evolution of the populations of the
atoms and the coherence between them. These are given by
the diagonal and off-diagonal density matrix elements, respec-
tively. If the space of the atomic system is spanned in the basis
of the eigenstates of the free Hamiltonian H0, we readily find
that the basis is composed of 2N state vectors, i.e. for a chain
composed of N = 3 atoms, the basis is composed of 8 vec-
tors |i1j2k3〉, whereas for N = 5 atoms it is composed of 64
vectors |i1j2k3l4m5〉 , {i, j, k, l,m} ∈ {g, e}.
Hence, in the simplest case of N = 3 atoms, the master
equation (1) provides us with a system of 64 coupled linear
equations to be solved, in principle, a 63× 63 matrix to be di-
agonalized. ForN = 5 we get a system of 4096 coupled linear
equations whose solution requires a 4095× 4095 matrix to be
diagonalized. Needless to say, it is not easily accomplished.
Therefore, we shall use numerical methods. To get solutions
for the density matrix elements, the following approach will
be taken.
From the master equation (1), we find equations of motion
for the density matrix elements, which can be written in a ma-
trix form as
~˙X (t) = A ~X (t) + ~R, (17)
where ~X (t) is a column vector composed of the density ma-
trix elements, ~R is a column vector composed of the inho-
mogenous terms, and A is a matrix of the coefficients appear-
ing in the equations of motion of the density matrix elements.
A direct integration of Eq. (17) leads to the following for-
mal solution for ~X (t)
~X (t) = ~X (t0) e
At − (1− eAt)A−1 ~R, (18)
where t0 is the initial time.
Because the determinant of the matrix A is different from
zero, there exists a complex invertible matrix U which diago-
nalizes A, and w = U−1AU is the diagonal matrix of com-
plex eigenvalues. By introducing new vectors ~Y = U−1 ~X
and ~T = U−1 ~R, we can rewrite (18) as
~Y (t) = ~Y (t0) e
wt − (1− ewt)w−1 ~T , (19)
or in component form
Yn (t) = Yn (t0) e
wnt−
s∑
m=1
(
w−1
)
nm
(
1− ewmt)Tm, (20)
in which s = 63 for the case of N = 3 atoms and s = 4095
for N = 5 atoms. To obtain solutions for Xn (t) we must
determine the eigenvalues wn and eigenvectors Yn (t) , which
are readily evaluated by a numerical diagonalization of the
matrix A.
The steady-state values of the density matrix elements can
be found from Eq. (20) by taking t→∞, or more directly by
setting the left-hand side of Eq. (17) equal to zero, and then
~X (∞) = −A−1 ~R, (21)
or in component form
Xn (∞) = −
s∑
m=1
(A−1)
nm
Rm. (22)
In what follows, we shall use the solutions (20) and (22)
to illustrate the radiative properties of the atomic chains. In
particular, we calculate the transient populations of the atoms
and the steady-state directivity function.
III. RADIATING ATOM AT FRONT OF AN ATOMIC
MIRROR
Consider first the configuration illustrated in Fig. 1(a), a
single atom distance r12 from a finite-size chain of closely
6located atoms. This arrangement could constitute a radiat-
ing atom at front of an atomic mirror. In order to find the
mirror-like characteristics of the chain that could be inferred
from the radiative properties of the systems, we examine the
directivity function of the radiation field emitted by the sys-
tem. The directivity function, which is determined by the an-
gular distribution of the radiation intensity, Eq. (13), depends
on temporal and spatial factors, the time of the evolution of
the system and the separation between the atoms. It is clear
from Eq. (13) that in general the temporal and spatial factors
cannot be separated. The angular distribution of the radiation
field at a given time can be different for different separations
between the atoms. Moreover, the transient radiation intensity
is a sensitive function of the initial atomic conditions. Even
at the initial time t = 0 the angular distribution of the radia-
tion intensity can depend on the separation rij if the system
was prepared in a state with nonzero interatomic correlations,
either Re{〈S+i S−j 〉} or Im{〈S+i S−j 〉} different from zero. In
order to study the angular distribution of the radiation field, it
is important to understand the radiative behavior of individual
atoms in the chain. Therefore, we first consider the evolution
of the populations of the atoms. Following this discussion,
we display the variation of the directivity function with time
for different distances between the atoms. We assume that the
probe atom is initially excited and separated from the front
atom of the “mirror”, its nearest neighbor, at a distance much
larger than the separation between the “mirror” atoms. The
method of preparing the probe atom in the excited state will
not concern us but it might be done with a short laser pulse,
for example.
A. Transient transfer of the population
Our interest is in the time evolution of the directivity func-
tion of the emitted field for an initially excited probe atom,
the case illustrated in Fig. 1(a). In order to study this evolu-
tion, we first look at the time evolution of the populations of
the atoms for chains composed of N = 3 and N = 5 atoms.
The aim is to first determine and then optimize the conditions
which not only allow the radiation emitted by the probe atom
to be emitted back (reflected) to it but also to achieve a strong
convergence of the radiated field along the interatomic axis.
We evaluate the transient populations of the atoms assum-
ing there is no driving field (Ω0 = 0) and that initially the
probe atom was in its excited state. The corresponding results
for the time evolution of the atomic populations for different
distances between the atoms are presented in Figs. 2 and 3.
Figure 2 shows the transient transfer of the population be-
tween N = 3 atoms; the initially excited probe atom and a
group of two atoms forming a mirror. The populations are
computed for several different sets of distances (r12, r23) be-
tween the atoms. For distances rij > λ/5 the initial popula-
tion of the probe atom decays exponentially in time whereas
the populations of the mirror atoms 2 and 3 build up with
small oscillations. However, there is no tendency of the mir-
ror atoms to transfer their populations back to the probe atom.
A small oscillatory behavior of the population ρ11(t) can be
FIG. 2. (Color online) Time evolution of the atomic populations
ρ11(t) (dashed blue line), ρ22(t) (solid red line), ρ33(t) (dotted green
line) plotted for the case of an initially excited probe atom 1 lo-
cated in front of a line of two atoms, 2 and 3, and several different
sets of distances between the atoms: (a) (r12, r23) = (λ/2, λ/4),
(b) (r12, r23) = (λ/4, λ/6), (c) (r12, r23) = (λ/3, λ/5), and (d)
(r12, r23) = (λ/8, λ/9).
seen for short times, t < 5/γ, but it is not periodic. A periodic
oscillatory behavior is observed for the populations of atoms
2 and 3 that the mirror atoms periodically exchange their pop-
ulations without transferring it to the probe atom. The reason
is that the distance r23 is much smaller than r12, resulting in a
stronger dipole-dipole interaction between the mirror atoms,
Ω23  Ω12. For smaller distances, the population of the
probe atom begins to show periodic oscillations, with the pop-
ulation actually oscillating between the probe atom and only
the rear atom of the mirror. Except for very short times, the
population of the middle atom 2 remains almost constant dur-
ing the evolution of the system. Note that the transfer of the
population between the atoms is not complete since the pop-
ulations remain nonzero, ρii(t) 6= 0 for all t > 0. It is inter-
esting that atom 2, the front atom of the mirror, appears as an
mediator in the population exchange between the probe atom
and the rear atom of the mirror. In other words, the front atom
of the mirror dictates the direction of the emission. Despite of
the possibility to emit in any spatial direction, the probe atom
“prefers” to radiate towards the atomic mirror and vice versa,
the mirror atoms prefer to radiate towards the probe atom.
We now consider a chain containing N = 5 atoms with
the probe atom initially excited and located at a distance r12
from the front of a line of four equally separated atoms. The
transient transfer of the population between the atoms for sev-
eral different sets of distances, (r12, ri,i+1), i ∈ {2, 3, 4} is
shown in Fig. 3. For large distances the situation is similar to
that of three atoms, the population rapidly escapes from the
system leaving the atoms unpopulated over a short evolution
time. For small distances, we observe periodic oscillations of
the populations with the periodicity, as before for three atoms,
determined by the dipole-dipole interaction strength. How-
ever, unlike the three atoms case, the population can be com-
pletely transferred from the mirror atoms back to the probe
atom such that the mirror atoms are unpopulated at times
when the population of the probe atom is maximal. This is
7FIG. 3. (Color online) Time evolution of the atomic populations,
ρ11 (cyan solid line), ρ22 (black dashed-dotted line), ρ33 (red dotted
line), ρ44 (green solid line), and ρ55 (blue dashed line) plotted for the
case of an initially excited probe atom 1 located in front of a line of
four atoms and several different sets of distances between the atoms:
(a) (r12, ri,i+1) = (λ/2, λ/4), (b) (r12, ri,i+1) = (λ/4, λ/6), (c)
(r12, ri,i+1) = (λ/3, λ/5), and (d) (r12, ri,i+1) = (λ/8, λ/9).
a substantial difference compared to the case of N = 3 atoms
where a part of the population was trapped by one of the mir-
ror atoms. Clearly, longer chains are more effective in the
complete transfer of an excitation from the probe atom to the
mirror atoms and vice versa.
B. Transient directivity function
The periodic exchange of the populations between the
atoms, in particular, between the atoms forming an atomic
mirror, can lead to the emission of the atoms into certain pre-
ferred directions. In order to demonstrate this behavior, we
examine the time variation of the directivity function D(θ, t)
of the field radiated by the group of mirror atoms only. Of
course it might be argued that it could be hard for experiments
to detect the field radiated from a fraction of atoms, but we
would like to see under which conditions the field radiated by
the group of mirror atoms could be concentrated in the pre-
ferred direction along the interatomic axis, either θ = 0 or
θ = pi. With a high concentration of the radiated field into a
small solid angle centered around θ = 0, the atoms could be
regarded as a highly reflecting mirror scattering the field back
towards the probe atom.
The directionality function of the field emitted by two (mir-
ror) atoms and detected on a sphere around the line of three
atoms is shown in Fig. 4. We keep the distance of the probe
atom from the front of the mirror atoms at r12 = λ/2 and
consider the variation ofD(θ, t) with the distance between the
mirror atoms at two different times. It is seen that the emis-
sion is concentrated along the interatomic axis. For a distance
between the mirror atoms r23 = λ/4, the directivity function
is significantly enhanced in one direction, that the emission is
almost one-sided either in θ = 0 or θ = pi. The directivity
function oscillates in time in such a manner that it develops a
maximum in the direction θ = 0 at later times in which it was
FIG. 4. (Color online) Polar diagram of the directivity function
D(θ, t) describing the concentration of the field emitted by two
atoms forming a mirror when an initially excited probe atom is at
distance r12 = λ/2 from the front of the mirror atoms. Distances
between the mirror atoms are: in (a) r23 = λ/3, (b) r23 = λ/4,
(c) r23 = λ/5, and in (d) r23 = λ/8. Green (black) curve cor-
responds to a minimum (maximum) in ρ11(t). The time instants
for the green and black curves are: (a) t ∈ {3γ−1, 4γ−1}, (b) t ∈
{5γ−1, 3.3γ−1}, (c) t ∈ {9γ−1, 3.6γ−1}, (d) t ∈ {9.4γ−1, 6γ−1},
respectively.
a minimum at earlier times and vice versa. The oscillation
of the directivity results from the oscillation of the population
between the mirror atoms, as we have see above in Fig. 2.
The beam width or equivalently the solid angle inside which
the emitted field is concentrated remains almost constant.
One can also notice from Fig. 4 that the ability of the cou-
pled atoms to concentrate the radiation in one direction de-
creases with a decreasing distance between the atoms. It is
clearly seen that for distances r23 ≤ λ/8 the directivity func-
tion is almost symmetrical along the interatomic axis. This
result is consistent with the general property of the radiation
pattern discussed in Sec. II B that there is a minimal value of
the distance between the atoms (rij = λ/4) above which the
sine term can be maximal in the θ = 0 direction. For dis-
tances smaller than the minimal value the contribution of the
sine term is necessarily smaller resulting in the reduction of
the ability of the system to concentrate the emission in one
direction.
The one-sided emission and then the reflectivity coefficient
can be enhanced by increasing the number of atoms form-
ing the atomic mirror. This is demonstrated in Fig. 5 which
shows the polar diagram of the directivity functionD(θ, t) for
the case of four atoms forming the atomic mirror. As above
for three atoms, we keep the probe atom at a fixed distance
from the front of the atomic mirror, r12 = λ/2, and consider
8FIG. 5. (Color online) Polar diagram of the directivity function
D(θ, t) describing the concentration of the field emitted by four
atoms forming a mirror when an initially excited probe atom is at
distance r12 = λ/2 from the front of the mirror atoms. Distances
between the mirror atoms are: in (a) ri,i+1 = λ/3, (b) ri,i+1 = λ/4,
(c) ri,i+1 = λ/5, and in (d) ri,i+1 = λ/8. Green (black) curve cor-
responds to a minimum (maximum) in ρ11(t). The time instants
for the green and black curves are: (a) t ∈ {7.76γ−1, 3.7γ−1},
(b) t ∈ {6.8γ−1, 3.4γ−1}, (c) t ∈ {7γ−1, 3.715γ−1}, (d) t ∈
{7.6γ−1, 9.1γ−1}, respectively.
the variation of D(θ, t) with the distance between the mirror
atoms. It can be seen that similar to the case of two atoms the
emission is concentrated mainly along the interatomic axis.
The one-sided emission is significantly enhanced and persists
even for small distances. Small peaks can be seen at about
2pi/3 and 4pi/3 degrees. It is easy to verify that the function
sin (krij cos θ) when evaluated for r25 = 3λ/8, correspond-
ing to the distance between the front and rear atoms of the
mirror, attains its maximal value of sin (krij cos θ) = 1 for
cos θ = 2/3, which corresponds to directions θ ≈ 130◦.
C. Directivity function of the stationary field
In practice a photo detector located at some position ~R in
the far field zone of the radiation field emitted by the atoms
would detect the field emitted by the entire set of atoms rather
than a fraction of selected atoms only. It is a consequence
of the fact that the fields from the probe atom and the mirror
atoms are unresolved at the detector. Therefore, we now con-
sider the directivity function of the field radiated by the entire
system of atoms including the field radiated from the probe
atom. Moreover, we assume that initially all atoms were in
their ground states and then the probe atom was exposed to
the incident weak laser light. We shall look into the radiation
pattern of the emitted field in the steady-state limit, t → ∞,
and compute the directivity function D(θ) ≡ limt→∞D(θ, t)
for equally distant as well as for non-equally distant N = 3
and N = 5 atoms. Since the directivity function involves the
contribution from the populations of the atoms, that a signif-
icant directionality can be obtained when the populations are
small, we shall assume that the driving field is weak so that
the Rabi frequency Ω much smaller than γ.
FIG. 6. (Color online) Polar diagram of the directivity function
D(θ) of the stationary field emitted by three atoms in a line. The
left-side atom of the line, which constitutes a probe atom is driven
by a cw laser field of the Rabi frequency Ω0 = 0.01γ. In frame (a)
r12 = λ/2, r23 = λ/4. In frame (b) r12 = λ/4, r23 = λ/8. In
frame (c) r12 = r23 = λ/4, and in frame (d) r12 = λ/4, r23 = λ/6.
The directivity function for the radiation field emitted by
N = 3 atoms is shown in Fig. 6, where frame (a) is for equally
distant atoms, while frame (b) is for unequally distant atoms.
Unfortunately, as one can see from the figure, in both cases
that the stationary field radiated by the system is concentrated
in directions θ = pi/3 and θ = 5pi/3, which significantly
departure from the direction of the interatomic axis. There-
fore, the system of three equally or unequally separated atoms
with the continuously driven probe atom cannot be regarded
as suitable for the mirror-type behavior of the maximal direc-
tivity along the interatomic axis.
Figure 7 shows the corresponding situation for the case of
N = 5 atoms. It is seen that in the case of four atoms form-
ing the mirror the directivity function depends crucially on
the separation between the atoms. In particular when the dis-
tance of the probe atom from the front of the mirror atoms is
r12 = λ/4, the radiated field modes available for the emis-
sion are only those contained inside a cone centered about the
9FIG. 7. (Color online) Polar diagram of the directivity functionD(θ)
of the stationary field radiated by a line of 5 atoms. The left-side
atom of the line, which constitutes a probe atom is driven by a cw
laser field of the Rabi frequency Ω0 = 0.01γ. In frame (a), the
atoms are unequally separated with r12 = λ/2, and r23 = r34 =
r45 = λ/4. In frame (b), the atoms are unequally separated with
r12 = λ/4, and r23 = r34 = r45 = λ/8. In frame (c), the atoms
are equally separated with r12 = r23 = r34 = r45 = λ/4, and in
frame (d), the atoms are unequally separated with r12 = λ/4, and
r23 = r34 = r45 = λ/6.
direction θ = pi. Thus, at that particular distance the chain
of four undriven atoms acts as a perfectly reflecting mirror
by “pushing” the radiation in the backward direction. It can
be seen that the optimal conditions for the one-sided emis-
sion with a maximum in the direction θ = pi are achieved
when the probe atom is separated from the front of the mirror
atoms by r12 = λ/4 and the mirror atoms are themselves sep-
arated by rij = λ/6. In this case, the directivity function is
nonzero only in directions contained inside a cone limited by
θ ≤ ±pi/3. Thus, the emission is entirely one-sided with no
radiation in the θ = 0 direction. This means that the transmis-
sion coefficient T = 0, therefore this type of behavior can be
regarded as a mirror type with perfect reflectivity. Of course,
the reflectivity is accompanied by losses in the sense that the
radiation is emitted into a cone of a finite solid angle 2θ deter-
mining the beamwidth of the radiated field. The solid angle
subtended by the cone seen in Fig. 7(c) is 2θ = 120◦.
It was pointed out in [21] that a strong directivity of the
emitted radiation along the interatomic axis can be obtained
in a chain of independent atoms, i.e. in the absence of the
dipole-dipole interaction. However, the one sided emission
seen in frames (c) and (d) of Fig. 7 requires a non-zero dipole-
dipole interaction. This is illustrated in Fig. 8 which shows the
directivity function for the same parameters as in Fig. 7(d) but
for independent atoms. Clearly, in the absence of the dipole-
dipole interaction between the atoms, the emission is strongly
directional, but is symmetrical in the θ = 0 and pi directions.
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FIG. 8. (Color online) Polar diagram of the directivity functionD(θ)
of the stationary field radiated by a line of 5 independent atoms
(Ωij = 0). The atoms are unequally separated with r12 = λ/4,
and r23 = r34 = r45 = λ/6.
In summary of this section, we have seen that the directivity
of the emission and the mirror like behavior of a line of atoms
depends on the distance between the atoms and the nature of
the excitation. At particular distances between the atoms, the
system can radiate along the interatomic axis in only one di-
rection θ = pi, which can be interpreted as a perfect reflection
of the radiation towards the probe atom.
IV. CAVITY FORMATION WITH ATOMIC MIRRORS
We now wish to create a cavity with atomic mirrors. For
this purpose, we place a probe atom between a pair of finite-
size chains of closely located atoms, as illustrated in Fig. 1(b).
These would constitute a radiating atom located inside a one-
dimensional cavity. We determine the parameter ranges in
which the two chains of (N − 1)/2 atoms could act as mir-
rors to the field emitted by the probe atom. We examine two
systems containing different numbers of atoms. First, we con-
sider the simplest system composed of N = 3 equidistant
atoms in a line. Then, we extend our discussion to a larger
system composed ofN = 5 atoms. We illustrate our consider-
ations by examining the time evolution of the atomic popula-
tions. For the initial conditions we choose the middle (probe)
atom to be in its excited state and the other atoms to be in
their ground states. We also analyze the directivity function
for features indicative of cavity-type modifications of the ra-
diation pattern of the radiation field.
A. Transient regime
The simplest system which could exhibit features character-
izing a cavity formed by atomic mirrors is a chain of N = 3
equidistant atoms. Let us first examine the process of popu-
lation transfer between the middle (probe) atom of the chain
and the side (mirror) atoms. The time evolution of the popu-
lations of the atoms is illustrated in Fig. 9, where we present
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the dependence of the population transfer on the distance be-
tween the atoms. It is seen that the population is periodically
transferred between the probe atom and the mirror atoms.
The transfer occurs with frequency determined by the dipole-
dipole coupling Ω12 (= Ω23) between the probe and mirror
atoms. The oscillations show an interesting behavior that the
population transfer is not affected (modulated) by the presence
of the dipole-dipole coupling Ω13 between the mirror atoms.
The oscillations are accompanied by a steady decay of the
populations. However, depending on the distance between the
atoms, the populations may not decay to zero but rather to
long-lived non-zero values. It is clearly seen from the figure
that for atomic distances rij < λ/4, i.e. the spacing between
the mirror atoms r13 < λ/2, a significant part of the initial
population remains trapped in the probe atom from which it
decays very slowly. We have thus a situation similar to that
one encounters in a Fabry-Pe´rot cavity composed of a pair of
parallel plate mirrors [33]. In the cavity, the number of modes
for interaction with an atom decreases with an decreasing sep-
aration L between the mirrors. For L < λ/2 the number of
modes is suppressed resulting in the suppression of the radia-
tion from the atom.
Figure 10 illustrates the cavity-like situation involving 5
atoms. Here, each of the cavity mirrors is formed with two
atoms. The results are similar to those we encountered for the
case of 3 atoms, Fig. 9, however, one can see some interest-
ing differences. Again, trapping of the population for small
distances between the atoms is evident. It is worth noting that
the system has a tendency to trap the population in the mirror
atoms rather than in the probe atom. It can also be noted that
for large distances the probe atom exchanges the population
with the next neighbors, the front atoms rather than with the
rear atoms forming the mirrors. However, for small distances,
the probe atom exchanges the population with the rear atoms
leaving the populations of the front atoms almost constant in
time. Similar effects appeared to the population transfer in
the system composed of a probe atom located at front of an
atomic mirror, see Sec. III A.
B. Stationary regime
We now turn to the problem of determining the conditions
under which the two chains of atoms could act like cavity mir-
rors to select modes centered about the atomic axis as the only
modes available for the emission. We assume that the probe
atom is continuously driven by a coherent laser field and con-
sider the field in the steady state limit.
Figure 11 illustrates the effect of decreasing distance be-
tween atoms on the directivity function D(θ) of the stationary
field for the cavity-like situation involving 3 atoms. It is seen
that the directivity function is very sensitive to the distances
between the atoms. For large distances, the system radiates
along the cavity axis as well as in the direction normal to the
cavity axis. When the atomic separations are reduced below
λ/4, which corresponds to the mirror atoms spacing less than
λ/2, we see a cancellation of the radiation along the inter-
atomic axis. Thus, the system turns off the radiation along
FIG. 9. (Color online) Time evolution of the atomic populations,
ρ22 (red solid line), ρ11 (blue dashed line), ρ33 (green dotted line),
plotted for the cavity-type configuration of 3 atoms and for different
distances between the atoms: (a) r12 = r23 = λ/4, (b) r12 = r23 =
λ/6, (c) r12 = r23 = λ/8, and (d) r12 = r23 = λ/16. Initially, the
middle (probe) atom 2 was excited, |ψ(0)〉 = |2〉.
FIG. 10. (Color online) Time evolution of the atomic populations
plotted for the cavity-type configuration of a chain of 5 atoms and
different distances between the atoms: (a) r12 = r45 = λ/2, r23 =
r34 = λ, (b) r12 = r45 = λ/4, r23 = r34 = λ/2, (c) r12 = r45 =
λ/6, r23 = r34 = λ/3, and (d) r12 = r45 = λ/16, r23 = r34 =
λ/8. Initially, the middle (probe) atom 3 was excited, |ψ(0)〉 = |3〉.
Color and style specifications as in Fig. 3.
the cavity axis. It radiates only in the directions normal to the
cavity axis, the property which clearly is not characteristic of
a cavity.
Turning next to the case of 5 atoms, we plot in Fig. 12 the
directivity function for several different distances between the
atoms. We see that the directivity function differs significantly
from what we observed for the case of three atoms. Thus,
the effect of additional atoms in forming the cavity mirrors
is clearly more pronounced on the directivity function of the
stationary field than on the transient population of the atoms.
First we note from the figure that there are distances between
the atoms at which the directivity function is nonzero only
along the interatomic axis [ Figs. 12(b) and 12(c) ].
It can also be noticed that there is an optimal distance be-
tween the mirror atoms at which the solid angle subtended
by the cone is minimal, or equivalently the width of the cav-
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FIG. 11. (Color online) Polar diagram of the directivity function
D(θ) of the stationary field in the cavity-like situation involving 3
atoms. The middle atom, which constitutes a probe atom is driven
by a cw laser field of the Rabi frequency Ω0 = 0.01γ. The atoms
are separated by (a) rij = λ/2, (b) rij = λ/4, (c) rij = λ/5, and
(d) rij = λ/6.
ity axial mode is very narrow. As seen from Fig. 12(c), a
reduction of the separation may result in an increase of the
beamwidth. We also see quite clearly that larger separations
between the mirror atoms, additional directions of emission
appear [ Fig. 12(d) ].
V. SUMMARY
We have studied directional properties of the radiation field
emitted by a chain of closely located and dipole-dipole in-
teracting two-level atoms. Two geometrical configurations of
atoms in the chain have been studied: A probe atom in front
of a finite-size chain of closely located atoms, and a probe
atom between a pair of chains of closely located atoms. We
call the earlier case as an atom in front of an atomic mirror,
and the former as an atom inside a cavity whose the mir-
rors are formed by the two chains of atoms. We have found
that it is possible to account for certain mirror and cavity-like
features, such as We have examined the conditions for one-
sided emission centered about the interatomic axis, and have
found a lower bound for the distance between the atoms above
which a one-sided emission along the interatomic axis can be
achieved. The one-sided emission focused into a cone about
the interatomic axis and oriented in the backward direction
can be regarded as a mirror type with perfect reflectivity. For
atomic distances smaller than the lower bound, a part of the
population can be trapped in the probe atom indicating that
FIG. 12. (Color online) Polar diagram of the directivity function
D(θ) of the stationary field in the cavity-like situation involving 5
atoms. The middle atom, which constitutes a probe atom is driven by
a cw laser field of the Rabi frequency Ω0 = 0.01γ. In frame (a) the
probe atom is separated from its next neighbors by r23 = r34 = λ/2,
while the atoms which constitute the cavity mirrors are separated by
r12 = r45 = λ/4. In frame (b) r23 = r34 = λ/4 and r12 = r45 =
λ/8. In frame (c) r23 = r34 = λ/4 and r12 = r45 = λ/10. In
frame (d) r23 = r34 = λ/8 and r12 = r45 = λ/8.
at these distances there are no radiative modes available for
the emission. This is a situation similar to that one encounters
in a Fabry-Pe´rot cavity composed of a pair of parallel plate
mirrors [33].
Polar diagrams have been presented showing the variation
of the directivity function of the time dependent as well as the
stationary fields with the separation between the atoms. We
have found that the directional properties of the radiation field
are generally more manifested in the stationary field when the
probe atom is continuously driven by a coherent laser field.
The control of directionality of photon emission could have
applications in quantum information processing in realizing
a directional quantum network. For example, the mirror-like
behavior of the chain could be used to realize a chiral quantum
network, where atoms interact via one-way emission [7–9]. It
could also be used as an optical reflector or an optical mirror to
create, together with a distant dielectric mirror, a Fabry-Pe´rot
cavity [10].
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Appendix A: Atomic correlation functions in the collective state
basis
The properties of the atomic correlation functions can be
studied in terms of the density matrix elements of the operator
ρwritten in the basis of the free HamiltonianH0 excluding the
contribution of the driving field. In the absence of the driving
field (Ω0 = 0) the eigenstates of the free Hamiltonian H0 and
their energies are
|1〉 = |g1〉 |g2〉 |g3〉 , E1 = 0,
|2〉 = |g1〉 |g2〉 |e3〉 , E2 = ~ω0,
|3〉 = |g1〉 |e2〉 |g3〉 , E3 = ~ω0,
|4〉 = |e1〉 |g2〉 |g3〉 , E4 = ~ω0,
|5〉 = |g1〉 |e2〉 |e3〉 , E5 = 2~ω0,
|6〉 = |e1〉 |g2〉 |e3〉 , E6 = 2~ω0,
|7〉 = |e1〉 |e2〉 |g3〉 , E7 = 2~ω0,
|8〉 = |e1〉 |e2〉 |e3〉 , E8 = 3~ω0. (A1)
The natural treatment for interacting atoms is the analysis in
the basis of the eigenstates of the Hamiltonian H0 +Hdd, the
so-called collective states, which can be expressed in terms
of the bare atomic states. The Hamiltonian H0 + Hdd ≡ H˜
written in the basis of the states (A1) has a matrix form
H˜ = ~
 0 0 0 00 ω0I +M1 0 00 0 2ω0I +M2 0
0 0 0 3ω0
 , (A2)
where
M1=
 0 Ω23 Ω13Ω23 0 Ω12
Ω13 Ω12 0
 ,
M2=
 0 Ω12 Ω13Ω12 0 Ω23
Ω13 Ω23 0
 , (A3)
and I is the 3× 3 unit matrix. The matrix (A3) is block diag-
onal, composed of two one dimensional blocks and two 3× 3
blocksM1 andM2. Thus, the diagonalization of the 8×8 ma-
trix (A3) reduces to a diagonalization of the matrices M1 and
M2. In fact, it is enough to diagonalize the matrix M1. The
eigenvalues and eigenvectors of the matrix M2 are then ob-
tained by replacing ω0 → 2ω0 and interchanging Ω12 ↔ Ω23.
Since Ωij is significant for atomic separations rij ≤ λ/4,
we have that at distances r13 > λ/2 we can put Ω13 = 0 in the
matrices M1 and M2. In this case, a substantial simplification
arises in the diagonalization of the matrix M1 leading to the
following eigenvalues
λ2 = ω0, λ3 = ω0 + Ω, λ4 = ω0 − Ω, (A4)
and the corresponding eigenstates∣∣2˜〉 = − sinφ |2〉+ cosφ |4〉 ,∣∣3˜〉 = 1√
2
(|s〉+ |3〉) ,∣∣4˜〉 = 1√
2
(− |s〉+ |3〉) , (A5)
where
|s〉 = cosφ |2〉+ sinφ |4〉 , (A6)
with sinφ = Ω12/Ω, cosφ = Ω23/Ω, and Ω =
√
Ω212 + Ω
2
23.
The eigenvalues of the matrix (A3) give the energies of the
collective states of the system.
Diagonalize the matrix M1. The characteristic equation of
the matrix is
z3 − (Ω212 + Ω223) z = 0. (A7)
where z = λ−ω0, and λ is an eigenvalue. Equation (A7) can
be written as
z
[
z2 − (Ω212 + Ω223)] = 0, (A8)
whose the roots (eigenvalues) are
z1 = 0, z2 =
√
Ω212 + Ω
2
23, z3 = −
√
Ω212 + Ω
2
23. (A9)
For the eigenvalue z = 0, the corresponding eigenstate is
|Ψ2〉 = − sinφ |2〉+ cosφ |4〉 , (A10)
where sinφ = Ω12/Ω, cosφ = Ω23/Ω, and Ω =√
Ω212 + Ω
2
23.
For the eigenvalues z = ±Ω, the corresponding eigenstates
are
|Ψ3〉 = 1√
2
(|s〉+ |3〉) , z = Ω,
|Ψ4〉 = 1√
2
(− |s〉+ |3〉) , z = −Ω, (A11)
where
|s〉 = cosφ |2〉+ sinφ |4〉 . (A12)
The eigenvalues and eigenvectors of the matrix M2 are ob-
tained by replacing ω0 → 2ω0 and interchanging Ω12 ↔ Ω23
in Eqs. (A7)-(A11). Hence, the eigenstates of the matrix M2
and the corresponding energies are
|Ψ5〉 = − cosφ |5〉+ sinφ |7〉 , λ5 = 2ω0,
|Ψ6〉 = 1√
2
(|s′〉+ |3〉) , λ6 = 2ω0 + Ω,
|Ψ7〉 = 1√
2
(− |s′〉+ |3〉) , λ7 = 2ω0 − Ω, (A13)
where
|s′〉 = sinφ |5〉+ cosφ |7〉 . (A14)
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Having the collective states available, call them
|Ψ1〉 , |Ψ2〉 , . . . |Ψ8〉, we can express the atomic corre-
lation functions 〈S+i S−j 〉 in terms of the density matrix
elements in the basis of the |Ψi〉 states. For example,
〈S+1 S−2 〉 = Tr
{
S+1 S
−
2 ρ
}
= Tr

8∑
i,j=1
ρijS
+
1 S
−
2 |Ψi〉 〈Ψj |
 . (A15)
Thus, it requires to calculate the result of S+1 S
−
2 |Ψi〉 before
applying the trace.
The required products of the atomic operators
S+1 S
−
1 + S
+
2 S
−
2 + S
+
3 S
−
3 = 3 |8〉〈8|+ 2 |7〉〈7|+ 2 |6〉〈6|
+ 2 |5〉〈5|+ |4〉〈4|+ |3〉〈3|+ |2〉〈2| ,
S+1 S
−
2 + S
+
2 S
−
1 = |6〉 〈5|+ |5〉 〈6|+ |4〉 〈3|+ |3〉 〈4| ,
S+1 S
−
2 − S+2 S−1 = |6〉 〈5| − |5〉 〈6|+ |4〉 〈3| − |3〉 〈4| .
(A16)
We express the bare atomic states in terms of two indepen-
dent sets of the collective states
|1〉 = |Ψ1〉 ,
|2〉 = − sinφ |Ψ2〉+ cosφ√
2
(|Ψ3〉 − |Ψ4〉) ,
|3〉 = 1√
2
(|Ψ3〉+ |Ψ4〉) ,
|4〉 = cosφ |Ψ2〉+ sinφ√
2
(|Ψ3〉 − |Ψ4〉) , (A17)
and
|5〉 = − cosφ |Ψ5〉+ sinφ√
2
(|Ψ6〉 − |Ψ7〉) ,
|6〉 = 1√
2
(|Ψ6〉+ |Ψ7〉) ,
|7〉 = sinφ |Ψ5〉+ cosφ√
2
(|Ψ6〉 − |Ψ7〉) ,
|8〉 = |Ψ8〉 . (A18)
Hence
S+1 S
−
1 + S
+
2 S
−
2 = P22 cos
2 φ+
1
2
(
1 + sin2 φ
)
(P33 + P44)
+ Re
[
P34 cos
2 φ+
sin 2φ√
2
(P23 − P24)
]
,
S+1 S
−
2 + S
+
2 S
−
1 = (P33 − P44 + P66 − P77) sinφ
+
√
2 Re[P23 + P24 − P56 − P57] cosφ,
S+1 S
−
2 − S+2 S−1 = 2 Im[P43 + P76] sinφ
+
√
2 Im[P56 + P57 + P32 + P42] cosφ, (A19)
where Pij = |Ψi〉 〈Ψj |.
It is clearly seen from Eq. (A19) that the real parts of the
atomic correlations functions depend on the populations of
the collective states and coherences between them, while the
imaginary parts depend solely on the coherences. Thus, cru-
cial for the imaginary parts of the atomic correlation functions
to be nonzero is to prepare or drive the atomic system such that
there are nonzero coherences between the collective states.
Appendix B: Equations of motion
Assuming only one atom at the most can be excited at any
time t, the time-dependent state vector can be written as
|ψ(t)〉 =
N∑
i=1
bi(t)|i〉+ bN+1(t)|N + 1〉 , (B1)
where the ket vector |i〉 represents the combined state of the
N atoms, respectively with only the ith atom excited. |N +1〉
represents the collective ground state of all N atoms with no
atom excited.
The master equation (1) readily renders the equations of
motion for the populations, i.e., the diagonal density matrix
elements (B2a-B2b) as well as the coherences (B2c-B2d).
ρ˙l,l(t) =
d
dt
|bl(t)|2 = −γ|bl(t)|2 −
∑
j 6=l[(
iΩ(lj) +
γ(lj)
2
)
b∗j (t)bl(t) + h.c.
]
, (B2a)
ρ˙N+1,N+1(t) =
d
dt
|bN+1(t)|2 = 1
2
N∑
i=1
N∑
j=i+1
[(
γ(ij) + γ(ji)
)
(
b∗i (t)bj(t) + h.c.
)]
+ γ
N∑
j=1
|bj(t)|2 , (B2b)
ρ˙m,n(t)
∣∣∣∣{m,n}∈{1,...,N}
m 6=n
=
d
dt
(b∗m(t)bn(t)) = −γb∗m(t)bn(t)
−
N∑
j=1
j 6=m
(
iΩ(mj) +
γ(mj)
2
)
b∗j (t)bn(t)
+
N∑
j=1
j 6=n
(
iΩ(nj) − γ
(nj)
2
)
b∗m(t)bj(t) , (B2c)
ρ˙l,N+1(t) = −
N∑
j=1
j 6=l
(
iΩ(lj) +
γ(lj)
2
)
b∗j (t)bN+1(t)
− γ
2
b∗l (t)bN+1(t), (B2d)
where {l,m, n} ∈ {1, . . . , N}. The remaining equations
can be obtained from (B2c-B2d) by complex conjugation.
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